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A limit analysis approach based on Cosserat continuum for the evaluation of the in-plane strength of discrete media: application to masonry 
Introduction
In the last three decades, a renewed interest towards the Cosserat (or micropolar) continuum has driven researchers to the development of specific models for discrete media such as masonry. Since the original works of Besdo (1985) ; Mühlhaus (1989) ; Masiani et al. (1995) ; Dai et al. (1996) ; Mühlhaus et al. (1997) ; Sulem and Mühlhaus (1997) up to the more recent of Stefanou et al. (2008) ; Addessi et al. (2010) ; Addessi and Sacco (2012) , the resort to the Cosserat continuum has seemed motivated by the advantages enclosed in its enhanced kinematics and the non-symmetry of the stress tensor. Indeed, when used for the formulation of continuum equivalent models for discrete media, Cosserat continuum allows to efficiently take into account high deformation gradients (Trovalusci and Masiani, 2005) , relative particles' rotation (Pau and Trovalusci, 2012) and scale effects (Salerno and de Felice, 2009; Godio et al., 2015) . Moreover, Cosserat continuum enables the investigation of the phenomenon of wave dispersion, which governs the dynamic response of discrete periodic media when the wavelength is comparable to the size of the microstructure (internal length). Those aspects makes Cosserat-continuum-based models particularly well suited for the description of the mechanical behaviour of masonry structures and preferable, in this sense, with respect to models based on the Cauchy (Salerno and de Felice, 2009) or the second gradient continuum (Trovalusci and Pau, 2014) .
The aforementioned features of the Cosserat continuum are strictly related to rotations. Contrary to the Cauchy continuum, rotations in micropolar continua are inherent to the medium, i.e. attached to the material particle (Germain, 1973; Vardoulakis and Sulem, 1995) . Several works have shown how, aiming at representing masonry as an equivalent Cosserat continuum, these rotations are actually representative of blocks' rotations. In particular, they enable a continuum description of the medium which is capable to capture not only the relative rotations occurring between the blocks, but also the relative rotations of the blocks with respect to the local rotation of masonry considered as a whole (Pau and Trovalusci, 2012) . The role of rotations is even more apparent in the dynamic regime. Whether regarding the in-plane Sulem and Mühlhaus, 1997) or the out-of-plane behaviour (Stefanou et al., 2008) , the mechanical response of masonry is governed by translational and rotational waves. Only their superposition gives the complete structural response. Therefore, blocks' rotations can have a significant participation in the inertial response of masonry, for instance when this latter is subjected to in-plane seismic excitations (Godio et al., 2015) .
Nevertheless, the influence of blocks' rotations on the performance of masonry can be far more important than this proportion indicates. Indeed, the rotation of the blocks promotes the relative displacements across the joints, which are the main responsible for energy dissipation in masonry. This may lead to the premature development of macroscopic failure mechanisms. Even though this aspect is visible from the majority of the experimental tests carried out on masonry structures (see the recent tests by Petry and Beyer (2014a) ), it has been seldom explored in the corresponding literature, see for instance Besdo (1985) ; Sulem and Mühlhaus (1997) ; Masiani (2003, 2005) ; Addessi and Sacco (2012) .
The purpose of the present paper is to determine the in-plane strength of discrete media starting from the knowledge of their constituents only. This is made by distinguishing and bridging two observations scales or levels. The application to masonry illustrates the advantages of the formulation. At the microscopic scale, masonry is regarded as a discrete medium, that is an assemblage of rigid blocks. The deformation though is considered to be concentrated at the interfaces of the blocks (soft-contacts). The assumption of rigid blocks with deformable interfaces is common in the literature for discrete granular media and blocky structures and removes the indeterminacy of the system (e.g. Besdo (1985) ; Masiani et al. (1995) ; Cecchi and Sab (2004) ; Cecchi et al. (2007) ). Herein, a rigid-plastic formulation is followed for the interfaces. In particular the blocks interact with each other through Coulomb interfaces, representing the masonry joints. Failure corresponds to the use of the strength capacities of the joints only, and not of the blocks, which are considered infinitely resistant (cf. Stefanou et al. (2015) ). In particular, whether engendered by the relative blocks' translation or rotation, joints' failure is accounted for by a unique Coulomb slip criterion. At the macroscopic scale, masonry is described by a 2D Cosserat continuum. The determination of its strength domain is made by means of a rigorous homogenisation (to be intended herein as upscaling) procedure specifically developed for Cosserat continua and based on the use of the kinematic approach of limit analysis.
The present work can be seen as an extension to the Cosserat continuum of the homogenisation procedure proposed by de Buhan and de Felice (1997) and further developed by Sab (2003) and Sab et al. (2007) . That procedure was based on the Cauchy continuum and made use of the asymptotic homogenisation of periodic media. In that context, the rotations of the blocks of masonry were controlled by the macroscopic displacement field. For that reason, additional contraints were to be added to the formulation. In the upscaling procedure followed here, rotations are left free and consist in additional degrees of freedom whose average on the unit cell can be straightforwardly related to the macroscopic Cosserat rotation. The proposed upscaling is therefore apt for describing in a continuous manner the mechanical behaviour of mono-atomic discrete media with periodic inner micro-structure (Florence and Sab, 2006; Stefanou et al., 2008; Stefanou and Sulem, 2012) , to which also masonry belongs. The formulation is based upon the homogeneous equivalent continuum concept (Charalambakis, 2010) , in the sense that the derived Cosserat continuum shares a) the same energy (dissipation) and b) the same kinematics with the discrete medium. We do not follow the classical asymptotic homogenisation ansatz that leads to a Cauchy continuum as the ratio of the size of the unit cell over the overall structure tends to zero. By this pass to the limit, asymptotic homogenisation tends to erase any internal length related to the material micro-structure, that higher order continuum theories such as the Cosserat one are, on the contrary, able to capture (Forest and Sab, 1998; Pradel and Sab, 1998; Forest et al., 2001) . For this reason, the proposed procedure remains valuable when the size of the micro-structure is important compared to the overall size of the structure, that is when scale separation is no more applicable. As such, it will depend on the choice of the elementary cell. On the contrary, the obtained Cosserat continuum converges asymptotically to the Cauchy continuum given by the asymptotic homogenisation, when the relative size of the micro-structure tends to vanish (Pradel and Sab, 1998) .
At present, very few works have shown the use of the Cosserat medium in inelasticity. One can cite the work by Rezakhani and Cusatis (2016) and some older works in plasticity concerning the macroscopic behavior of reinforced soils and rock assemblies (de Buhan et al., 1998 (de Buhan et al., , 2002 . It is worth noticing that the resort to the micropolar theory for the assessment of masonry in-plane strength was indicated by de Buhan and de Felice (1997) as crucial for capturing the scale effect observed in the failure mechanisms resulted from full-scale tests. Therefore, although the yield criteria computed for the Cosserat continuum may always give upper bounds of the researched strength domain, they are supposed to be better estimates of the actual strength capacity of the material as compared to those computed for the Cauchy continuum. The reason may be found, once again, in the enhanced kinematics of the adopted continuum. On one hand, they provide an improved estimation of the power dissipated by the discrete medium. On the other hand, they allow a finer reproduction of the deformation modes and failure mechanisms of the medium (upper bound theorem of limit analysis).
The present work differs from the aforementioned works (Rezakhani and Cusatis, 2016; de Buhan et al., 1998 de Buhan et al., , 2002 , as it aims at providing a rigorous upscaling scheme based on the kinematic approach of limit analysis and provides (semi-)analytically the ultimate strength of discrete particle assemblies in the frame of Cosserat continuum. Moreover, various aspects related to a) the connection and the physical meaning of the generalised stress and deformation measures of the upscaled Cosserat continuum with the kinematics of the discrete microstructure and b) the effect of the size of the chosen elementary cell are discussed in detail thorough illustrative examples that are treated analytically. In particular, the paper has the following structure. A brief summary of the equations governing the micropolar medium is first given in Section 2. The contact model adopted for the discrete media and on which the upscaling procedure is illustrated, is presented next in Section 3. Cosserat macroscopic variables are then computed as average values of the discrete ones. The upscaling procedure is presented for the contact model first and it is then generalised for generic discrete periodic media (Section 4). Further in Section 5 and Section 6, two applications are described. In Section 5 homogenisation is carried on the illustrative example of a simple masonry column. In Section 6, homogenisation is performed on a masonry wall, with building blocks arranged following a generic periodic pattern and interface joints showing different dissipative properties depending on their orientation. Comparisons with existing works are made in Section 7. They show the advantages of the presented upscaling procedure, by highlighting the role of relative blocks' rotations in the evaluation of the in-plane strength of masonry and, more generally, of discrete media.
It is worth emphasizing that the term homogenisation used in several places in this paper refers to the proposed upscaling procedure and not to the asymptotic homogenisation. Indicial notation is adopted throughout the paper, with Greek indices α, β, γ, . . . ranging between 1 and 2. Einstein summation applies for repeated indices. Lower case letters denote variables referring to the discrete medium, while upper case letters refer to the macroscopic variables of the Cosserat continuum. Partial differentiation with respect to orthogonal coordinates is denoted with [ ] α,β , while
The Cosserat continuum: 2D formulation and strength
Cosserat (or micropolar) continuum is a special case of a micromorphic continuum of first order (Eringen, 1999; Germain, 1973; Godio et al., 2015) . In this case, the material particle is associated with a rigid oriented triad (Figure 1 ) which, when the medium undergoes deformation, experiences displacement velocities V α (or translations), and angular displacement velocities Ω c (or rotations). The rate of the linear deformation measures of the medium is given by two second order tensors (Schaefer, 1967; Germain, 1973; Vardoulakis and Sulem, 1995) . The first tensor is denoted by Γ αβ and accounts for the relative deformation occurring between the rate of the displacement gradient D αβ and the Cosserat (or particle) rotation Ω c :
3 with:
and e αβ the 2D Levi-Civita's symbol. Γ αβ is a non-symmetric tensor and is decomposed into its symmetric Γ (αβ) and skew-symmetric Γ [αβ] parts as follows:
reading:
The second tensor accounts for the rate of the rotation gradient (or curvature) of the medium. In the two-dimensional case, where only the in-plane rotations Ω c are considered, it reduces to:
In the Cauchy continuum the rigid triad is non-oriented (Figure 1 ), and the kinematics of the material particle, considered as a point, is described by the translations V α only. The deformation measures of the medium reduce then to the symmetric tensor D (αβ) (Eq.(4)-1), contrary to the Cosserat continuum, where the skew-symmetric part of the relative deformations D [αβ] is non-null and related to the particle rotations (Eq.(4)-2). The microstretch continuum is a first generalization of the Cosserat continuum (Eringen, 1999) .
In that case, in addition to the translations and rotations, the material particle experiences also volume changes, that is micro-contractions and expansions (Figure 1 ). In the micromorphic continuum the material particle is considered as fully-deformable, carrying an oriented triad and undergoing any kind of microdeformation.
the particle as a material point
Simple (Cauchy) the particle as a rigid body Micropolar (Cosserat) the particle as a volume-deformable body
Microstrecth the particle as a fully-deformable body
Micromorphic
Figure 1: Classes of continuum media according to Eringen (1999) .
The static variables associated to Γ αβ and K β are respectively T αβ and M β . They denote respectively the in-plane components of the non-symmetric stress tensor and of the couple stress tensor. The convention used for those tensors follows Vardoulakis and Sulem (1995) : the first index gives the direction of the component and the second index the oriented face where this component is applied (see Figure 2 -left). With this notation, the internal power density of the Cosserat continuum reads:
In this paper we focus on the formulation of the strength domain of discrete media, considered as an equivalent 2D Cosserat continuum at the macroscopic scale. The strength domain in a Cosserat material is defined as the convex region of the generalised stress space (T αβ , M β ) which is bounded by multiple N F and intersecting plastic surfaces F j = F j (T αβ , M β ), representing the yield criteria (Lippmann, 1969; Steinmann, 1994) :
Another definition of the strength domain alternative to the direct (Salençon, 2013) definition (7) follows from the expression of the maximum dissipation principle. This principle states that, upon deformation, the plastic dissipation, herein denoted with Π c = Π c (Γ αβ , K β ), attains its maximum for the actual stress tensor. In a Cosserat medium and in the case of perfect plasticity (no hardening), the principle reads:
One recognizes in Π c the support function of G c . Eq.(8) then leads to the second, referred to as kinematic (Salençon, 2013) , definition of the strength domain, useful for the sequel, which writes:
3. The discrete medium: discrete variables and contact model
The material considered at the microscopic scale has a inner structure consisting of a discrete collection of rigid interacting bodies (or blocks) that translate and rotate in space. The blocks are arranged following a periodic lattice and form elementary cells in the form of geometrical figures, like rectangles, hexagons, etc. All blocks share the same shape and size. Their position within the lattice is marked in a global reference system (O, Y 1 , Y 2 ) by two periodicity vectors α i (i = 1, 2) and reads:
where GJ represents the centre of mass G of the block B J , with J = 1, . . . , N and (n, m) ∈ Z 2 . This configuration is often referred to as mono-atomic lattice (Kittel, 1996) .
We focus on D, the elementary cell repeated in the lattice. It is worth emphasizing that the choice of the elementary cell is not unique and that the resulting continuum depends on this choice. This is owed to the fact that the upscaled continuum possesses internal lengths, contrary to the classical, Boltzmann continuum (Vardoulakis, 2009) , that is internal-length-free. The influence of the choice and size of the elementary cell is discussed further in Section 5.4. One direct choice of D is to consider as lattice points of the inner microstructure, the centres of mass of the blocks GJ, and as basis, the periodicity vectors α i (Figure 3 ). In this way, the lattice points are kept only at the corners of the cell and the periodicity vectors coincide with the primitive basis of the lattice (Kittel, 1996) . Of course any other points could be chosen as reference points, but this choice simplifies the algebraic calculations and the average Cosserat expressions of the resulting continuum (e.g. Section 6.2). Moreover, this cell represents for the discrete medium the structural unit with the smallest surface required for the description of its behaviour (Kittel, 1996) : A local reference system (o, y 1 , y 2 ) is attached to D and N D denotes the number of blocks J that compose the cell (in this case J = 1, . . . , N D ). For rigid blocks, the kinematics of the whole cell is described by piecewise linear distributions the translational and angular velocity fields, v α and ω, of the form:
where v Blocks may have arbitrary shape and their external surface may be in contact only with the surface of neighbouring blocks. In particular, the block I interacts with the adjacent block J through contact stresses r IJ α , at every point of the interface Σ IJ (Figure 4 -right). Contact stresses are associated to the displacement velocity jumps (or relative displacements) occurring across the interfaces shared by the blocks:
Contact statics
The internal power density of the cell is then:
where the sum is made over all the interfaces of the cell. The relative displacements (13) produce both gaps and slips between the blocks ( Figure 5 ). Those two basic mechanisms are due respectively to the opening and the sliding of the interfaces. They are described by the normal [ ] σ and tangential [ ] τ components of the relative displacements:
These components are conjugate in energy to respectively the normal and tangential components of the contact stresses, reading:
with n IJ α the unit vector normal to the interface Σ IJ . No contact moments are considered at each point of the interfaces. This is a reasonable assumption for the applications considered herein. Nevertheless, a transfert of moments is always possible between two adjacent blocks, as the distribution of the stresses is not necessarily constant. Resultant contact moments (or couples) are in fact those generated by first order moments of r σ α (Bardet and Vardoulakis, 2001) . These are associated to the angular displacement velocity jumps:
which coincide with the rigid-body rotation jumps (relative blocks' rotations):
Resultant contact forces, in turn, are generated by r σ α and r τ α , and are associated to the rigid-body displacement jumps (relative blocks' translations):
It is apparent how the relative rotations and relative translations are both related to interface failure (Figure 5) .
Interface sliding Both depicted mechanisms are related to interface failure.
The strength capacity of each interface is described by g IJ , a convex domain characterised by multiple
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A kinematic condition for the interface failure is then:
where the support function π IJ = π IJ ( v α IJ ) represents the maximum plastic dissipation at the interface. Its definition is as follows (Salençon, 2013) :
Admitting that all interfaces attain failure simultaneously and a failure mechanism is produced within the discrete cell, the amount of plastic dissipation in D is then:
Average Cosserat variables and kinematic approach
The purpose of homogenisation is to replace the discrete medium by a continuum homogeneous medium that has the same shape and shares the same mechanical properties with the discrete ones.
In the present paper, upscaling is carried out in the framework of limit analysis. In this case, one aims at substituting the discrete by a continuum medium that has 1) similar deformation modes and 2) equivalent dissipation properties (Charalambakis, 2010) . Here the discrete medium is identified with the continuum at the cell level by means of a kinematic map. Moreover, in such context the principle of maximum plastic dissipation expressed for the Cosserat and the discrete medium plays a fundamental role. This principle has, as main implications (Simo and Hughes, 1998): a) the condition for the plastic potentials of being associative, and b) the convexity of the strength domain in the stress space. The same results hold true when the plasticity theory is formulated in the space of the deformations, for materials with elastic-perfectly plastic behaviour (Naghdi and Trapp, 1975) . Under these assumptions the two fundamental theorems of limit analysis are applicable.
Kinematic map
We focus on the elementary cell D and we define with KA(V α , Ω c ) the set of kinematically admissible (or compatible, Eq.(1)) translations and rotations v GJ α , ω GJ of the cell as follows:
From a mechanical point of view, Eq. (24) gives the map between the kinematics of the discrete medium and the deformation measures of the Cosserat continuum. Such map is linear and is defined on the elementary cell of the discrete medium. It is a special case of the map proposed by Pradel and Sab (1998) . Here it is adapted for discrete media with mono-atomic pattern, i.e. composed by particles of the same size and shape. The same map can be retrieved from the use of other homogenisation techniques used in the literature. These are based, for instance, on the differential expansion (Pasternak and Mühlhaus, 2005; Stefanou et al., 2008) , direct identification (Masiani et al., 1995; Trovalusci and Masiani, 2005) , development in Taylor series (Kim, 1983) or polynomial expansions (Bardet and Vardoulakis, 2001 ) of the velocity and displacement velocity fields of the discrete medium with the continuum ones. Using the map (24), the displacement and angular displacement velocity fields (12) become:
Eq. (25) constitutes an alternative definition to (24) of kinematically admissible displacement and angular displacement velocity fields obeying Eq.(12). This definition can be used for upscaling, as illustrated next for the presented contact model.
Average Cosserat variables
The rate of relative deformation Γ αβ ,and curvature K β that enter Eq.(25) have a precise physical meaning. They represent the average Cosserat deformation measures of the discrete cell. Their expression follows straightforwardly from the map (24) and depends on the selected cell D. When the cell is constructed as illustrated in Section 3 and the local reference system is attached to the centre of mass of the cell, they write:
with the relative displacement and rotations given by Eqs. (13) and (17). By definition, Γ αβ gathers the displacement gradient D αβ and the Cosserat rotation Ω c . The former identifies the average value of the relative blocks' translations (19), i.e.:
The latter, Ω c , is the average rigid-body cell rotation:
Similarly, V α is the average rigid-body cell translation:
For the demonstration of Eqs. (26)- (30) the reader is referred to Appendix A. It is worth pointing out that the only average deformation measure for the Cauchy continuum would be (de Buhan and de Felice, 1997):
By substituting Eq. (25) into the expression of the internal power density of the cell p D (Eq. (14)), one retrieves:
where the non-symmetric stresses:
and the couple stresses:
are found to be the average values of the contact stress distributions exchanged between the blocks of the cell. In the above, l IJ β is the vector connecting the centre of mass of two adjacent blocks I and J: l
The physical meaning of the deformation and stress measures of the Cosserat continuum with respect to those of the presented contact model is clear from the above equations.
Kinematic approach of limit analysis
The upscaling procedure followed in this paper aims at the extension to the Cosserat continuum of a procedure initially formulated for the Cauchy continua in the framework of the asymptotic homogenisation (Suquet, 1983) . That procedure was based on the upper bound theorem of limit analysis and, for this reason, it was called kinematic approach within the framework of the yield design theory, see also Salençon (2013) . Formulated for the Cosserat continuum, the kinematic approach consists in finding among the established displacement and angular displacement velocity fields (in this case Eq. (25)), the sets of kinematically admissible blocks' translations and rotations (v
) that solves the following problem:
The above equation equates the maximum plastic dissipation density produced by the discrete cell π D (Eq. (23)) with Π c,hom , representing the maximum plastic dissipation of the homogenised (or equivalent (Charalambakis, 2010)) Cosserat continuum (Eq. (8)). Solution to the above problem is found only when the KA(V α , Ω c ) kinematics of the discrete medium generate on the cell plastic dissipation of finite value, i.e.:
This latter condition is essential and use of the upper bound theorem of limit analysis must be made only when Eq. (35) (Eq. (9)):
The resulting homogenisation procedure is illustrated in Figure 6 . Starting from a failure criterion expressed at the interfaces of the discrete medium, it is possible to retrieve the homogenised yield criterion for the macroscopic Cosserat continuum. The resulting strength domain is the region of the generalised stress space (T αβ , M β ) enclosed by these yield criteria. It is worth emphasizing that, as a result of the kinematic approach, the procedure provides upper bound estimates of the actual strength capacity of the discrete medium, exactly as in its original version (Suquet, 1983) .
Figure 6: Schematic illustration of the proposed upscaling procedure, based on the Cosserat continuum and carried out in the frame of limit analysis for periodic collections of rigid particles.
Extension to generic periodic media
The homogenisation procedure has been illustrated according to the contact model presented in Section 3. Such model is representative of a class of media, like soils, fractured rock masses, masonry structures, etc. Nevertheless, the proposed procedure can cover the whole class of discrete periodic media with mono-atomic pattern. An example of application is given in Figure 7 , where a grid-work is represented, based on the same mono-atomic lattice used for the contact model (Figure 3) . In this case, the lattice points represent the nodes of the grid-work. It is clear that, when these latter are considered rigid, the kinematic description of the whole medium reduces to the degrees of freedom of the nodes, and a micropolar description of the medium can be then attempted (Kumar and McDowell, 2004) .
The same considerations apply for generic discrete media, where translations and rotations may always be attached to the distinct interacting particles. Therefore, starting from the kinematics v GJ α , ω GJ of a pair of particles I and J, it is possible to define in a general way the following generalised deformation measures (Florence and Sab, 2006) :
Without the need of specifying the power-conjugate variables, the power dissipated by the pair of particles is function of the above deformations:
Hence, the amount of plastic dissipation density on the cell writes:
where, in this case, the sum is made over all the particle pairs of the cell, see Eq.(23). in particular, the particle pairs shared by adjacent cells will be accounted by half of their power. Homogenisation is made over the discrete medium as illustrated in the previous sections. Map (24) allows to substitute the Cosserat continuum into the generic discrete medium, reproducing its kinematics and deformation modes (Eqs. (26)- (30)). Eq.(35) then assures that the two media have equivalent plastic dissipation. 
Application to masonry columns
The method illustrated in Section 4 is herein applied to the case of masonry columns made of distinct blocks of the same size and shape. It is worth remarking that the rate of plastic deformations to which the continuum undergoes is noted generally as a total rate of (irreversible) deformation. Consistently, but not restrictively, we are assuming that blocks' interaction in masonry has a rigid-plastic behaviour.
Geometry
Masonry columns are quasi periodic assemblages of rectangular blocks stacked in the vertical direction y 2 (Figure 8 ). The height and the width of each block are denoted respectively with a and b. In such situation, a single vector describes the period of the structure, that is: α 1 = 0e 1 + ae 2 . The chosen elementary cell is denoted with B and is referred to a specific local coordinate system (oy1y2) attached to its center. It contains two half blocks, B1 and B2, and their interface Σ 12 . Larger elementary cells are investigated in Section 5.4. The position of the centre of mass of each block is:
The interface between the blocks Σ 12 has unit normal vector n 12 = e 2 . 
Average Cosserat variables
The kinematics of the masonry column is described by piece-wise linear distributions of the displacement and angular displacement velocity fields of the form (12). In this case, and for the elementary cell considered, the map (24) giving the kinematically admissible sets v
with α = 1, 2. Similarly, the resulting displacement and angular displacement field distributions (Eq. (25)) read:
The above equations consist in a limited number of terms of macroscopic deformation. With respect to the general form (25), where all the Cosserat deformation measures (Γ αβ , K β ) are present, the only available deformations measures in Eq.(41) are Γ α2 and K 2 . This results from the geometry of the discrete cell. Here, the blocks are arranged following a periodic lattice that is developed along one periodicity vector and the orientation of the interface is perpendicular to this vector. For such configuration, replacing the general form (25) into Eqs. (26)-(27) leads to:
The remaining deformation measures (Γ α2 , K 2 ) presented in Eq.(41) are produced by combinations of inplane rigid-body motions (i.e. translations and rotations) of the blocks that compose the cell (see Figure 9 ). Their expression reads from Eqs. (26)- (27) as follows:
where: The Cosserat deformations reproduce then the deformation modes of the discrete cell. In particular, blocks' rotations with opposite direction induce the opening of the interface and, consequently, generate curvatures on the cell (Figure 9 ). On the contrary, the terms V α and Ω c denote rigid-body motions of the cell (see Eqs. (30)- (29)). They are provided by combinations of in-plane blocks' motions producing no average deformation on the elementary cell (Figure 10 ). The first term designates the average rigid-body translations of the cell and is generated by uniform blocks' translations:
The second term defines the average rigid-body rotation of the cell. It is generated by blocks' rotations having the same direction, which induce the sliding but not the opening of the common interface:
The Cosserat static quantities are necessarily T α2 and M 2 . These forces and couples are provided by distributions of contact stresses r IJ α along the interface Σ 12 . The use of the Eqs. (33)- (34) gives directly:
and:
Eq. (47) is a condition for the external facets of the masonry column (for y 1 = ±b/2) to be stress-and couple stress-free. Eq. (48) gives then the overall forces T α2 and the overall moment M 2 of what can be considered a Timoshenko beam model . Figure In view of the upscaling, we compute the displacement and angular displacement velocity jumps occurring at the interface Σ 12 . These jumps read (Eqs. (13), (17)):
or equivalently:
Upscaling
We assume that the strength of the blocks (masonry units) that compose the column is very large compared to that of the interfaces (masonry joints). Failure may then take place only on these latter. The effect of the finite strength of the blocks in the frame of homogenisation of a Cauchy continuum is presented by Stefanou et al. (2015) .
For the interface we make use of a Coulomb slip failure criterion. This criterion is classically expressed in the following form:
with r σ = r σ α n IJ α , c the joint cohesion and φ the joint friction angle. Its support function is given in terms of the displacement velocity jumps v α IJ and reads (Salençon, 2013) :
with π IJ < ∞ if:
and n IJ α the unit vector normal to the interface considered. Eq.(54) is called relevance condition (Salençon, 2013) . From a physical point of view, in a rigid-plastic formulation as the one followed herein, this conditions corresponds to a kinematic constraint establishing the impenetrability between the blocks (see Figure 11) . From a mechanical point of view, it assures that the plastic dissipation is finite at every point of the interface, see Eq.(36). With these definitions, Eqs. (35) and (37) yields:
Using Eq.(49), one obtains:
Integrating over the interface, Eq.(55) becomes:
It is worth pointing out that, at this stage, no failure condition has been explicitly formulated in terms of the angular displacement velocity jumps ω IJ (cf. Trovalusci and Masiani (2003) ). The Coulomb slip criterion is expressed only in terms of the displacement jumps v α IJ . It is the same criterion with the one originally considered by de Buhan and de Felice (1997) for the homogenisation of masonry panels, with the important exception that now v α IJ is produced by both the relative translations and the relative rotations occurring between the blocks. Indeed, in the case of the Cauchy continuum, Eq.(51) would be used instead of Eq.(49) and Eq.(50) would be omitted.
The consequences of this change emerge in the formulation of the homogenised strength criterion. In fact, looking at Eq.(57), one can state that the homogenised failure criterion is calculated among all the KA(V α , Ω c ) set of kinematics, associated to the following stresses and couples:
These kinematics, in order to be relevant in the formulation of the maximum plastic dissipation (56), must respect condition (54), reading in this case:
As Eq.(58) is linear, it needs to be verified only at the extreme points of the cell's interface, i.e. at y 1 = ±b/2. This leads to the following four distinct inequalities:
These inequalities forms a conical region that is bounded by four intersecting planes of equation H 1−4 = 0 and with the apex in the origin of the axes (Figure 12-Figure 13 ). Condition for failure of the cell is then that the macroscopic deformation state falls inside the depicted domain. The set of stresses and couple stresses for which cell failure may occur (yield criterion), is also a cone. This cone is generated in the Cosserat generalised stress space (T α2 , M 2 ) by the normality rule (Naghdi and Trapp (1975) ; Lee (1995) ) applied at the apex of (59) (see also de Buhan and de Felice (1997) ). The resulting homogenised strength domain G c,hom is then the convex hull of the normal vectors produced by the normality rule. In this case, it is given by the following four surfaces:
Figure 12: In blue: intersecting planes of Equation (59). In red: intersecting planes of Equation (60), giving the strength domain for the masonry column in the space of the generalised Cosserat stresses (T α2 , M 2 ).
Discussion
In this paragraph, we focus on: a) the contribution of the Cosserat model in the determination of the strength domain of the masonry column, and b) the effect of the choice of the cell on the computed strength.
For the first purpose, it is useful to express the macroscopic couple stress M 2 as: M 2 = (b/2)ζT 22 , where ζ is the normalized distance from the center of the column cross section. The homogenised strength criterion (60) takes the following alternative form:
with ζ ≤ |1| when T 22 falls into the section, and ζ > |1| otherwise. The resulting domain is plotted in Figure 14 , in the (T 12 − T 22 )-stress space and for different values of eccentricity ζ. It is worth emphasizing the fact that the Coulomb slip criterion (53) considered as failure condition at the interface level (masonry joints) is retrieved at the macroscopic scale, as a failure condition for the whole cell (masonry column). This condition is described by Eq.(61)-1, and a similar expression can be recovered also when homogenisation is carried out with the use of a simple Cauchy continuum, i.e. for ζ = 0 (Figure 14-left) . The expression has the same form, but it is expressed in terms of the macroscopic deformation D (α2) instead of Γ α2 . On the contrary, the effects of considering a Cosserat continuum are visible when also the second condition (Eq.(61)-2) is involved, i.e. for ζ = 0. In such case (Figure 14-right) , the presence of moments M 2 (visible when blocks rotate) limits considerably the tensile (T 22 ) and shear (T 12 ) strength. Consistently, the overall strength capacity of the column is reduced. For the second purpose, it is worth emphasizing that Eqs. (26)-(34) associate the macroscopic (upscaled) generalised deformation and stress quantities with the displacements and forces of the discrete system. Choosing a different cell, as for instance a larger one (as shown in Figure 15 ), modifies the specific expressions given in Eqs. (42)-(44). In particular, those related to the relative deformations become:
with:
Comparing the above expressions of the Cosserat generalised displacements and deformations with the corresponding ones of the smaller elementary cell, we notice that their physical meaning changes. In the case of the larger cell, they represent an average over more blocks, which leads to loose deformation modes of shorter wavelengths (Figure 15 ). In this sense, the choice of a smaller elementary cell provides a finer description of the relative generalised displacements of the microstructure constituents, while a larger one smears them out. This justifies also why Cosserat continuum is better adapted for mono-atomic lattices. For poly-disperse discrete media, this continuum medium is expected to give poor results (as well as Cauchy continuum) and higher order continua should be used (Stefanou et al., 2010) . However, this exceeds the scope of the present paper. The finer representation of the kinematics of the microstructure with the smaller cell is reflected on the overall computed strength domain. Indeed, when considering elementary cells larger than B, containing a generic number of interfaces N Σ ≥ 1 (Figure 16 ), the resulting homogenised yield criteria become:
where m = (N Σ − 1)a/b and a/b is the block aspect ratio. The above expressions show that taking into account larger cells that contain more blocks leads to an enlargement of the homogenised strength domain (Figure 16 ). In the frame of the kinematic approach of limit analysis, where upper bounds of G c,hom are researched, this results in a worse estimation of the strength capacity of masonry. This is an interesting, but not unexpected result, if one considers that the kinematics of the Cosserat continuum captures the kinematics of the larger cells only in average sense, as discussed above. It is also worth noticing that the increase of strength due to the cell's size is only related to the couple stress M 2 (Eq.(60)-2). This is a consequence of the fact that the Cosserat curvature is related to the internal length of the microstructure, and that the cell with fewer blocks represents better the relative rotations (Figure 15 ). On the contrary, the terms related to the tensile and shear forces are not affected by the choice of the cell in this example. Similar considerations hold for more complicated discrete systems as the masonry wall presented in the next section. However, compared to the present example, the algebraic manipulations become more complex for illustrating the effect of the choice of the elementary cell in analytical form. 
Application to masonry walls

Geometry
We consider a masonry wall in which rectangular blocks are disposed according to a generic running bond periodic pattern (Figure 17 ). In such configuration, periodicity is described by two vectors: α 1 = be 1 + 0e 2 and α 2 = ηbe 1 + ae 2 ,. The resulting elementary cell is denoted with A. Its area is |A| = |α 1 × α 2 | = ab, where a and b designate respectively the height and the width of the blocks. The overlap between the blocks is described by ηb, with the parameter η ∈ [0, 1/2]. The stack bond and the classic (1/2) running bond patterns are special cases of the considered pattern. They are retrieved respectively for η = 0 and for η = 1/2 (Figure 18 ). The cell consists of 4 blocks. The position of the centre of mass of each block is expressed with respect to a local reference system (o, y 1 , y 2 ), attached to the centre of the cell (Figure 17 ):
The interfaces shared by the blocks are situated and oriented as follows:
It is worth noticing that, in the limit for η → 0 (stack bond pattern), the interface between the block 2 and the block 4 degenerates into a point: |Σ 24 | → 0. In this case, Σ 24 must be excluded from the computations. 
Average Cosserat variables
The elementary cell A is periodic in both local directions. Consequently, the kinematically admissible sets of displacement and angular displacement velocity fields v 
The in-plane curvatures write (Eq. (27)):
Eqs. (63)- (64) are detailed in Appendix B, for the case of the stack bond and the 1/2 running bond patterns. Regarding the stack bond pattern (η = 0), an illustration of the Cosserat deformation measures and their connection to the discrete kinematic variables is given in Figure 19 . It is worth noticing that the blocks' rotations do not appear only in the expression of the curvatures, but also in that of the relative deformations. In fact, following simple rotations, the blocks can be arranged to form specific geometric configurations that involve the opening of the interfaces and induce average elongations and contractions (Γ 11 , Γ 22 ) of the cell, see Eq.(63)-1,4. These configurations can take the shape of an hourglass (Figure 19 ), and cannot be represented by a simple Cauchy continuum, since in that case the macroscopic deformation would be generated by blocks' translations only (see Eq. (28)). The contribution of blocks' rotations in the definition of the relative deformations of the Cosserat continuum is even more apparent when the blocks' overlap is marked, i.e. for increasing η. In such case, blocks' rotations produce also shear deformations (Γ 12 ), see Eq. (63) 
Ω c equals the average rotation of the blocks of the cell (Figure 20-right) :
The stresses T αβ and couple stresses M β are computed by using Eq. (33) and (34). They read, respectively: 
Their expression for the stack bond and the classical running bond patterns is given in Appendix C. Figure The displacement velocity jumps across all the interfaces of the cell A read:
It is worth noticing that Eq. (69) is more general and covers the expression used by Sab (2003) ; Sab et al. (2007) in the formulation of the in-plane kinematics of their plate models for masonry. In particular, the kinematics considered in the above works are retrieved as s special case of Eq.(69), when curvatures are neglected. The introduction of the curvatures in the description of the in-plane kinematic jumps of the discrete cell is legitimate only in the frame of Cosserat (Stefanou et al., 2008; Salerno and de Felice, 2009 ) and micromorphic (Stefanou et al., 2010; Stefanou and Sulem, 2012) continua. In these cases, blocks' rotations are appropriately seized by additional deformation measures that are absent in the Cauchy continuum.
Upscaling
The blocks are considered infinitely resistant, whereas the account of interfaces' failure to shear r τ α and to tension r σ α is made with reference to a Coulomb slip failure criterion of the form (52). To this purpose, distinction is made between the horizontal interfaces of the cell, representing the masonry bed joints, and the vertical interfaces, representing the masonry head joints. For those two sets of joints, failure results in the use of different values of cohesion and friction (denoted with h and v) and the plastic dissipation at the corresponding interfaces reads (Eq. (53)):
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The adoption of distinct interface properties between the bed and the head joints corresponds to the use, in practical applications, of joints with different thickness and strength. In general, the bed joints are thicker than the head joints, and, in many cases, these latter are left unfilled. It is known how this results in an overall reduction of the in-plane strength capacity of masonry (Barth and Marti, 1997; Mojsilović, 2011) and therefore it is taken into account in the computations. The plastic dissipation on the whole cell is then:
where the displacement jumps v α IJ follow Eq.(69). Using Eq. (70), Eqs. (35) and (37) reduce to:
where we set:
The homogenised strength criterion is calculated among all the KA (Γ αβ , K β ) set of kinematics (25), associated to the Cosserat deformations defined above. Conditions (71) need to be verified at every end point of each interface (see Figure 21 ). Notice that in absence of blocks' rotations, it would be sufficient to verify the relevance condition only at the extreme points of the cell A, i.e. at points P1,. . . ,P4 (Sab, 2003; Sab et al., 2007) . At the points belonging to the horizontal interfaces (bed joints) the relevance condition results in the following 12 conditions:
At the points belonging to the vertical interfaces (head joints) the relevance condition leads to the following 8 conditions:
The coefficients 0 , 1 , . . . , 5 take the value -1,0,+1,η according to Table 1 . The inequalities contained in Eqs. (74)- (76) give a convex cone formulated in the space of the generalised Cosserat deformations (Γ αβ , K β ) and with its apex falling at the origin of the axes (Figure 22 ). (76)). Intersections with K 1 = K 2 = 0 (top) and with Γ 12 = Γ 21 = 0 (Γ 11 = Γ 22 ) (bottom). Reference to the 1/2 running bond masonry pattern.
It is possible to retrieve the homogenised strength domain G c,hom as in the case of the column. The normality rule generates a set of normal vectors (Figure 22) . The resulting homogenised strength domain G c,hom is then the region of the generalised Cosserat stresses (T αβ , M β ) enclosed by the convex hull formed by these vectors. Notice that the research of the convex hull gives automatically, i.e. for any given set of deformations, the failure mechanisms producing the minimum plastic dissipation on the discrete cell (upper bound theorem). However, with respect to Section 5, the corresponding yield surfaces are here computed semi-analytically. This is due to the large number of equations and variables.
Comparison with existing works and with discrete element simulations
In this section, we show the contribution of the present Cosserat continuum model in the evaluation of the in-plane strength of masonry with respect to other existing works.
It is worth mentioning that a considerable amount of literature is devoted to the modelling of the in-plane strength of masonry. For instance, one may mention the works of Baggio and Trovalusci (1998) (2015); Milani and Taliercio (2015) . However, a very limited number of works have shown the use of Cosserat medium for the evaluation of masonry strength. Sulem and Mühlhaus (1997) proposed strength criteria for masonry in the framework of plasticity theory formulated for Cosserat materials (see also Besdo (1985) ; Mühlhaus (1989) ; Dai et al. (1996) ). In their work, masonry was regarded as an assemblage of blocks. The criteria were constructed by considering relevant failure mechanisms at the blocks' level. On the same assumption of masonry as a discrete medium were based the works of Masiani (2003, 2005) . However, in that case the strength criteria were not computed explicitly, but numerically. Addessi et al. (2010) and Addessi and Sacco (2012) developped a numerical homogenisation procedure based on the assumption of masonry as a composite Cauchy material at the microscopic scale. The transition to the Cosserat continuum at the macroscopic scale was made by means of a specific kinematic map (Forest and Sab, 1998) . The same map was employed in the work of De Bellis and Addessi (2011) .
The works considered in this section for comparison are those of de Buhan and de Felice (1997) and Sulem and Mühlhaus (1997) . The first work is considered since, as shown in the previous sections, it gives the theoretical basis for the formulation of the strength domain of masonry in the frame of the Cauchy continuum. The present work represents somehow its extension to the Cosserat continuum. The second work is considered since it contains the first (and only) example of strength domain for masonry formulated in the frame of Cosserat continuum. An additional comparison with discrete element simulations and experimental data is also carried out in this section. The scope of this conclusive comparison is to benchmark the proposed upscaling procedure against full detailed model simulations and experimental tests, of which the Cosserat homogenised model gives an upper bound estimate of the response.
Comparison with de Buhan and de Felice (1997)
The strength domain resulting from the present work are compared to those obtained within the framework of the Cauchy continuum by de Buhan and de Felice (1997); Sab (2003) and Sab et al. (2007) , respectively for classical (1/2) running bond and stack bond patterns.
The domains are represented in the space of the in-plane stresses of the Cauchy continuum, i.e. T 11 , T (12) , T 22 . In order to highlight the contribution of the Cosserat continuum model within the stress space considered, a parameter β is introduced. Defined as β = T [12] /T (12) , this parameter allows to control simultaneously all the remaining stress measures contained in the Cosserat medium, namely T [12] , M 1 , M 2 . By means of β, the macroscopic in-plane stresses T αβ and M β are expressed as follows:
By using the above transformations it is possible to express the domain in function of the Cauchy stresses only, and to trace the Cosserat's terms through the parameter β. The expressions for the stack bond and Cosserat continuum the running bond patterns are then obtained by imposing η = 0 and η = 1/2, respectively (for η = 0 one has also to neglect Eq. (75) in the computation of the convex hull, see Section 6). The same friction angle φ and cohesion c are considered both for the head and the bed joints. Figure 24 shows the comparison between the strength domain resulting from the present work (Cosserat continuum) and the in-plane strength domains obtained by de Buhan and de Felice (1997); Sab (2003) and Sab et al. (2007) (Cauchy continuum). These letter are retrieved by computing the convex hull, starting from Eqs. (74)- (76) and applying the transformation (77), and by imposing β = 0. The so-obtained homogenised Cauchy strength domain is then a special case of the present homogenised Cosserat strength domain. In particular, the domain based on Cosserat continuun is contained for the greatest part into the domain referred to the Cauchy continuum. Only a small portion of the Cosserat strength domain falls outside the Cauchy strength domain, as it is visible in the case of the running bond pattern (Figure 24-right) . This occurs specifically for T 11 > 0. The role of the terms related to the Cosserat continuum, i.e. the in-plane couples (M 1 , M 2 ) and the non-symmetric stress T [12] , is apparent from the comparison. These terms lead to an overall reduction of the masonry strength domain. It is worth noticing that these terms are related to the relative rotation of the blocks. Sulem and Mühlhaus (1997) Sulem and Mühlhaus (1997) gave yield criteria for masonry within the framework of a 2D Cosserat continuum theory. Those criteria were constructed by starting from geometrical and physical considerations made directly on the blocks. It resulted in two sets of conditions, representative of both failure mechanisms discussed in Section 3 ( Figure 5 ). The first set was formulated for representing the interface opening mechanism, due to blocks' tilting. Adopting the present notation, it resulted in the following 4 conditions :
Comparison with
The second set was a cohesion-less Coulomb slip criterion, capable to capture the interface sliding mechanism due to blocks' slip at the bed joints only. It resulted in the following 2 conditions :
The strength domain for masonry proposed by Sulem and Mühlhaus (1997) is then the region of the generalised Cosserat stress space enclosed by the hyperplanes of equation (78)- (79). In Figure 25 and Figure 26 we show the comparison between this strength domain and the homogenised domain obtained from the present work. The comparison is carried out after having imposed zero joints' cohesion (c h = c v = 0) and the same friction angle for the head and the bead joints. Two intersections of the strength domains are plotted, one for M 1 = M 2 = 0 and one for T 12 = T 21 = 0. Moreover, for the comparison we impose T 11 = 0 in the homogenised domain. Concerning the intersection with M 1 = M 2 = 0 (Figure 25) , the depicted Cosserat strength domains are relatively close, with exception to the fact that the homogenised domain exhibits a more pronounced anisotropy. Regarding the intersection with T 12 = T 21 = 0 (Figure 26) , the Cosserat strength domain proposed by Sulem and Mühlhaus (1997) is enclosed by the homogenised domain obtained here. This is due to the limited number of variables used for the description of the tilting mechanism and present in Eqs. (78)- (79), leading to consider an intersection of the actual strength domain. 
Comparison with discrete element simulations
The numerical benchmark carried out in this section consists in modelling the behaviour of a masonry panel by means of a discrete element model and comparing its response with that given by the homogenised model herein developed. This benchmark represents an interesting example problem, that is typically addressed in the seismic analysis of masonry structures (Petry and Beyer, 2014b) . The panel has two openings and has height H = 3m, length L = 6m and thickness t = 0.1m. Alternate courses of blocks are laid with overlap η = 1/2. Joints have cohesion c h = c v = 1.2M P a and friction angle φ h = φ v = 30
• , according to the Coulomb slip criterion considered in the previous sections. The benchmark consists of two steps: first, a vertical load q = 0.6M P a is applied at the top side of the panel. Next, vertical displacements and in-plane rotations are prevented at the top side the panel and a horizontal force F is exerted through a displacement (v) controlled simulation.
Discrete element simulations are carried out by means of 3DEC (Itasca Consulting Group, 2013) . The homogenised yield criteria are derived following the procedure presented here and they are implemented in a finite element code specifically developed for Cosserat materials in elasticity, dynamics and multisurface plasticity (Godio et al., 2015 (Godio et al., , 2016 . To this purpose, the elastic behaviour of masonry is represented by the model proposed by Stefanou et al. (2008) . Figure 27 shows the comparison between the overall response of the masonry panel provided by the model based on the homogenised Cosserat continuum and that based on the discrete element simulations, in terms of normalized force-displacement curves. The two curves are in agreement, although the one given by the Cosserat model is expectedly slightly steeper than that given by the discrete element model. The capability of the continuum model in representing the discrete element response is also investigated by comparing the development of irreversible plastic deformations in the material, which accompanies the formation of the failure mechanism of the panel. Figure 28 shows how the regions of the model based on Cosserat continuum in which the homogenised yield criteria are activated correspond to the regions of the discrete elements model where the Coulomb slip criterion is violated. This result further assesses the accuracy of the proposed multiscale procedure.
Comparison with experimental data
The upscaling procedure is benchmarked in this section against the experimental tests carried out by Petry and Beyer (2014a) . Masonry walls of height H = 2.25m, length L = 2.01m and thickness t = 0.20m are subjected to a constant vertical force and cyclic horizontal displacements up to wall failure. The walls are tested with different shear spans and, for this reason, they undergo shear, flexural and mixed failure modes. Blocks have effective size 0.20 × 0.31 × 0.20mm 3 . Mortar joints have friction angle φ = 43.2
• and cohesion c = 0.27M P a.
As for the comparison with the discrete element simulations, a finite element model incorporating equivalent elastic properties (Stefanou et al., 2008) and the homogenised yield criteria herein developed is used to model the tests. According to Radenkovich's limit analysis theorems (Salençon, 2013) , the walls are modelled by using yield criteria obtained by considering non-zero and zero friction angle, respectively giving upper and lower bounds to the actual strength capacity of the walls. Following this strategy, the ultimate horizontal load is bounded with, on average, a relative error of approximately ±30% ( Petry and Beyer (2014b) . Comparison in terms of ultimate horizontal load (kN ).
Conclusions
Homogenisation models based on Cosserat (or micropolar) continuum allow to model the mechanical behaviour of discrete media, by incorporating the dominant length scale of the micro-structure. In other words, they permit to take into account not only the geometrical configuration of the inner structure, but also its size and its detailed kinematics. The advantages of micropolar continua are well known nowadays (Mindlin, 1964; Germain, 1973; Vardoulakis and Sulem, 1995; de Borst and Sluys, 1991; Sulem et al., 2011; Sulem and Stefanou, 2016; Godio et al., 2015 Godio et al., , 2016 Rezakhani and Cusatis, 2016, among others) . However, determining the constitutive parameters for a given micro-structure still remains an open research topic. Various approaches have been proposed in the literature for modelling discrete media in the frame of micropolar elasticity, but only few works for plasticity (de Buhan et al., 1998 (de Buhan et al., , 2002 and damage (Rezakhani and Cusatis, 2016) .
In this paper, we developed an upscaling procedure for the evaluation of the equivalent in-plane strength of discrete periodic media. The procedure followed here represented somehow the extension to the Cosserat continuum of one initially formulated for the Cauchy continuum, although based on a different upscaling technique. Through this procedure, the relative rotations of the particles and the non-vanishing curvatures of the medium were adequately taken into account.
The procedure was illustrated with regard to a periodic collection of rigid bodies (or blocks). The interaction between the blocks was established at their interfaces by contact. As result of the homogenisation (or upscaling) process, combinations of rigid-body motions of the blocks that compose the discrete medium produced the Cosserat relative deformations and curvatures (see Section 4). Similarly, the non-symmetric stresses and in-plane couples of the equivalent continuum resulted as average values of the contact stress distributions exchanged by the blocks. Due to periodicity, all the computations were made on a preselected elementary cell of the discrete medium. It was noticed that, with respect to the Cauchy continuum, the use of the Cosserat continuum allowed to capture a richer number of deformation modes of this cell. As the number and the type of different deformation modes depended on the size of the cell, the obtained Cosserat continuum also depended on the selection of this latter. However, as it was shown in Section 4 the Cosserat kinematic variables and stress quantities obtain a different meaning for different elementary cells. Besides the kinematics, the difference with the Cauchy continuum also arose in the expression of the power dissipated by the cell, which was better estimated by the Cosserat continuum.
The upscaling procedure was applied to masonry, which is an interesting example of discrete medium due to the presence of interfaces (discontinuities). Yield criteria were obtained by way of the following assumptions made on masonry: a) the strength capacities of the joints were considered far lower than those of the masonry units, regarded as infinitely resistant, and b) masonry joints were considered as interfaces with Coulomb dissipative properties given by joint cohesion and friction angle. Under these assumptions masonry was studied as a discrete assemblage of blocks, which exchange contact stresses and experience rigid-body translations and rotations when masonry undergoes deformation. The in-plane strength of masonry was determined then by identification with an equivalent Cosserat continuum at the macroscopic scale. Even though the same Coulomb failure criterion considered for the Cauchy continuum was used (de Buhan and de Felice, 1997) , the expression of the dissipated power retrieved for the Cosserat continuum was different. This change, which held true both for the masonry column (Section 5) and the masonry wall (Section 6), was due to the different kinematics of the two continuum media and led to different forms of the computed strength domains.
The application to masonry allowed to highlight the role of particles' rotations in the strength of a discrete medium. Both the example of the column and of the wall showed that the overall strength capacity of masonry is reduced due to the relative blocks' rotations. The Cosserat continuum correctly captured these effects, in contrast with the Cauchy continuum which did not cover them (see Section 5 and Section 7). Indeed, relative blocks' rotations were related by means of a kinematic map to the in-plane curvatures and the non-symmetric part of the deformation. These deformation measures were conjugate in energy respectively to the in-plane couples (or moments) and the non-symmetric part of the stress tensor of the Cosserat continuum. It is worth mentioning that the presence of moments acting in the plane of the walls is intrinsic in structural problems related to masonry, especially in those related to seismic analyses (Petry and Beyer, 2014b) . Aiming at formulating a modelling strategy for masonry in this field, the contribution given by the Cosserat continuum in modelling its strength is therefore of great importance. What was obtained here was an equivalent material, that can be implemented in appropriate finite element codes (Godio et al., 2015 (Godio et al., , 2016 and used for the advance analysis of masonry structures.
The procedure developed in this paper was presented in rigorous, extensive and general way. Examples of application of the presented procedure are multiple and cover the whole class of discrete periodic media made of particles of the same type. To this class belong, for instance, natural materials with inner microstructure such as rock assemblies, soils and solid crystals, but also man-made materials as fibre composites, beam lattices and layered structures (Eringen, 1999) . It is worth noticing, in conclusion, that the proposed procedure was limited to 2D periodic media. However, it is straightforward to extend this procedure to media with 3D periodic patterns. In that case, a 3D Cosserat continuum will be derived. When the local reference system is taken at the centre of mass of the elementary cell, the expression reduces to V α (Eq. (30)). Note that one could obtain the same result also by considering:
A proof similar to that shown above for V α applies for the expression of Ω c (Eq. (29)). The only difference is that, in this case, Eq.(25)-2 must be considered instead of Eq. (25) The last passage in Eq.(A.5) is proved by the fact that the elementary the cell is enclosed by the periodicity vectors α 1 , α 2 . Therefore, the two outward unit normal vectors of the boundary of the cell ∂D are the covariant vectors of α 1 , α 2 . The same considerations apply for the demonstration of K β (Eq.(27)), which is not reported here. The demonstration of Eq.(26) for the marcoscopic relative deformation Γ αβ is also similar, and leads to long expressions. For brevity, it will be avoided in the text. and
The various deformation modes for the stack bond pattern (Eqs.(B.1)-(B.2)) are illustrated in Figure 19 . For both block patterns, the contribution of the blocks' rotations in the average curvatures (B.2) and (B.4), and in the average deformations (B.1) and (B.3) is apparent. In each case it depends on the aspect ratio of the blocks, a/b.
